Fluctuations of the chemical composition of the hadronic system produced in nuclear collisions are discussed using the F-measure which has been earlier applied to study the transverse momentum fluctuations. The measure is expressed through the moments of the multiplicity distribution and then the properties of F are discussed within a few models of multiparticle production. A special attention is paid to the fluctuations in the equilibrium ideal quantum gas. The system of kaons and pions, which is particularly interesting from the experimental point of view, is discussed in detail. q 1999 Published by Elsevier Science B.V. All rights reserved. PACS: 25.75.q r; 24.60.Ky; 
There are many sorts of hadrons produced in high energy collisions. The ratios of multiplicities of particles of given species to the total particle number characterize the chemical composition of the collision final state. The composition is expected to reflect the collisions dynamics. Generation of the quark-gluon plasma in heavy-ion collisions was arw x gued long ago 1 to enhance the strange particle production. While the significant strangeness yield enhancement has been experimentally observed in the central nucleus-nucleus collisions at CERN SPS Ž w x see the data compilation 2 and the recent review w x. 3 , it is a matter of hot debate whether the observa-1 E-mail: mrow@fuw.edu.pl tion can be indeed treated as a plasma signal. The strange hadron abundance is naturally described within the models assuming the plasma occurrence at Ž w x. the early collision stage see e.g. 4,5 but the Ž models, which neglect such a possibility see e.g. w x w x. 6,7 or the review 8 , can be also tuned to agree with the experimental data. Thus, it would be desirable to go beyond the average particle numbers and see whether the strangeness enhancement in the central heavy-ion collisions is accompanied with the qualitative change of the strangeness yield fluctuations. The equilibrium quark-gluon plasma scenario is obviously expected to lead to the smaller fluctuations than the nonequilibrium cascade-like hadron models but the specific calculations are needed to quantify such a prediction. Anyhow, it seems to be really interesting to study the strangeness yield fluc-0370-2693r99r$ -see front matter q 1999 Published by Elsevier Science B.V. All rights reserved.
Ž . PII: S 0 3 7 0 -2 6 9 3 9 9 0 0 6 6 3 -2 ( )tuations on the event-by-event basis. However, we immediately face the difficulty how to quantitatively measure the fluctuations in the events of very different multiplicity. The problem appears to be of more general nature.
There are several interesting proposals to use fluctuations as a potential source of valuable information on the collision dynamics. If the hadronic system produced in the collision is in the thermodynamical equilibrium, the temperature and multiplicity fluctuations have been argued to determine, respecw x tively, the heat capacity 9,10 and compressibility w x 11 of the hadronic matter at freeze-out. An extensive discussion of the equilibrium fluctuations can be w x found in 12 . In the experimental realization of such ideas one has to disentangle however the 'dynamical' fluctuations of interest from the 'trivial' geometrical ones due to the impact parameter variation. The latter fluctuations are very sizable and dominate the fluctuations of all extensive event characteristics such as multiplicity or transverse energy. The variation of the impact parameter can also influence the fluctuations of the intensive quantities e.g. the temperature.
A specific solution to the problem was given in w x our paper 13 , where we introduced the measure of fluctuations or correlations which has been later called F. It is constructed in such a way that F is Ž . exactly the same for nucleon-nucleon N-N and Ž . nucleus-nucleus A-A collisions if the A-A collision is a simple superposition of N-N interactions. On the other hand, F equals zero when the correlations are absent in the collision final state. The w x method proposed in 13 has been recently applied to the NA49 experimental data. The fluctuations of transverse momentum found in the central Pb-Pb collisions at 158 GeV per nucleon have appeared to w x be surprisingly small 14,15 . It has been also claimed w x 15 that the correlations, which are of short range in the momentum space, are responsible for the nonzero positive value of F being observed. Our calcula- and zero for classical particles. When the hadronic system at freeze-out is identified with the pion gas, the calculated F slightly overestimates the experip T w x mental value 15 but the inclusion of the pions which come from the resonance decays removes the discrepancy. An interesting analysis of the p -T fluctuations within the so-called non-extensive statisw x tics is given in 17 . w x The theoretical analysis of the result 14,15 has provided a new insight into the collision dynamics. It w x has been argued 18 within the UrQMD model that the secondary scatterings are responsible for the dramatic correlation loss in the central collisions of heavy-ions. This conclusion however seems to conw x tradict the results of the analysis 19 where the LUCIAE event generator has been used and the rescatterings are shown to reduce insignificantly the p -correlations measured by F. While the effect of T the secondary interactions needs to be clarified, the smallness of the fluctuations observed in the central w x heavy-ion collisions 14,15 is a very restrictive test of the collision models. The so-called random walk model is ruled out because it gives much stronger w x correlations in A-A than N-N case 20 . The same w x holds 19 for the LUCIAE event generator when the jet production andror the string clustering is taken into account even at a rather moderate rate. On the other hand, the quark-gluon string model seems to w x pass the test successfully 21 . w x As argued in 22 , the measure F can be also applied to study the fluctuations of chemical composition of the hadronic system produced in the nuclear collisions. The chemical fluctuations seem to be even more interesting than those of the kinematical variables such as p . The final state momentum distribu-T tion of hadrons characterizes the system at the moment of freeze-out, while the system chemical composition is fixed at the earlier evolution stage -the chemical freeze-out when the secondary inelastic interactions are no longer effective. The total strangeness yield presumably saturates even earlier and the subsequent interactions are mostly responsible for the strangeness redistribution among hadron species.
The NA49 Collaboration plans to study the chemical fluctuations in heavy-ion collisions at CERN w x SPS 23 . Since the F-measure will be used in these studies, it is desirable to better understand the properties of F when applied to the chemical fluctuations. This is the aim of our note. At the beginning we express F through the commonly used moments of the multiplicity distribution and analyze the result within several models of the distribution. Then, we compute the F-measure for case of the two-compo-( )nent ideal quantum gas in equilibrium. The system of kaons and pions is discussed in detail. In particular, the role of resonances is analysed.
Let us first introduce the measure F which de-Ž . scribes the correlations or fluctuations of a single particle variable x such as the particle energy or w x transverse momentum. As observed in 22 , x can also characterize the particle sort. Then, x s 1 if the particle is of the sort of interest, say the particle is strange, and x s 0 if the particle is not of this sort, it is a non-strange particle. We define the single-pardef ticle variable z s x y x with the overline denoting averaging over a single particle inclusive distribution. In the case of the chemical fluctuations, x is Ž . the probability averaged over events and particles that a produced particle is of the sort of interest, say it is strange. One easily observes that z s 0. We now introduce the event variable Z, which is a multiparti-
where the summation runs over particles from a ² : ² : given event. By construction Z s 0, where . . . represents averaging over events. Finally, the Fmeasure is defined in the following way
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We compute F for the system of particles of two sorts, a and b, e.g. strange and non-strange hadrons. x s 1 when i-th particle is of the a type and x s 0 i i otherwise. The inclusive average of x and x 2 read 2 2
Ž where P is the probability averaged over particles 1 . and events that a produced particle is of the a sort. Thus,
with N and N being the numbers of particles a a b
and b, respectively, in a single event. One immediately finds that z s 0 while
Ž . Since the event variable Z equals N y xN, one
The latter equation gives
which can be rewritten as
The fluctuation measure F is completely determined Ž . Ž . by Eqs. 2 and 3 . So, let us consider its properties within three simple models of the multiplicity distribution. ) 1 The distributions of particles a and b are poissonian and independent from each other i.e. the integer numbers, a has to be a rational fraction. Then, we have
: N Ž One sees that the F-measure is negative but larger . than y1r2 when the chemical fluctuations vanish in the system. ) 3 The particles a and b are identified with the positively and, respectively, negatively charged hadrons. Then, the charge conservation leads to the strict correlation of the particle numbers:
where Q is the electric charge of the system. In this case we have
q y q y y y Therefore,
Ž . After the illustrative examples let us compute F for the equilibrium gas which is a mixture of the particles a and b. Then, When the gas of interest is the mixture of the two w x ideal quantum gases, the partition function is 24
Ž .
where g denotes the number of the particle internal Ž . into Eqs. 6 , one easily finds
where, as previously, the index i labels the particles of the type a or b. It is worth noting that the system Ž . volume V which enters Eqs. 8 cancels out in the final expression of F. Therefore, the measure F is, as expected, an intensive quantity. One observes in Ž . Eqs. 8 that
for fermions,
for bosons, and 
Ž . Let us now consider the fluctuations in the system of pions and kaons. To be specific, the particles a are identified with p y while the particles b with in the equilibrium system of zero net strangeness due to the simultaneous baryon and strangeness conser- 
² : for N 4 N which holds for sufficiently low It is a far going idealization to model a fireball at freeze-out as an ideal gas of pions and kaons. A substantial fraction of the final state particles come from the hadron resonances. We take them into account in the following way. Since the resonances are relatively heavy, their phase-space density is rather low. Consequently, the resonances can be treated as classical particles with the poissonian mulw x tiplicity distribution 12 . Then, one easily shows that where N X is the number of 'direct' pions or kaons i Ž . which are described by the formulas 8 ; the summation runs over the resonances which decay into pions or kaons; N is the number of resonances of type r r and b is the branching ratio of the resonance decay r into the pion or kaon channel. The resonances are assumed to decay into no more than one pion or one kaon of interest. We denote with ) the resonances, such as K ) , which decay into the pion-kaon pair under study.
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In this case the kaon multiplicity appears to be even narrower than the poissonian one and F sy0.02. w x The estimate of F s 0.007 given in 22 exceeds the two our numbers because the kaon multiplicity disw x Ž tribution, which is used in 22 , is after averaging . over the negative hadron multiplicity broader than the poissonian one. We conclude that the existing data give a rather poor information on F in pp collisions.
We summarize our study as follows. The F-measure seems to be a useful tool to study the chemical fluctuations in heavy-ion collisions. If the particles of different species are produced independently from each other and the multiplicity distributions are poissonian, F is exactly zero. When the particles are produced in such a way that there are no chemical Ž . fluctuations particle ratios are fixed , F is negative but larger than y1r2. If the nucleus-nucleus collision is a simple superposition of N-N interactions the value F is strictly independent of the collision centrality. The same happens when the hadronic system produced in the nucleus-nucleus collisions achieves the equilibrium with the temperature and chemical potentials being independent of the impact parameter. The thermal model, which seems to be successful in describing the average multiplicities of different particle species, gives a definite prediction of F , which is positive for bosons and negative for fermions. The correlations in the system of pions and kaons have been considered in detail. The estimate of F for the p y K y system is rather reliable while the prediction concerning the p y K q correlations is sensitive to the details of the model. Since the experimental value of F in pp interactions can be hardly extracted from the existing data, the fluctuation measurements of nuclear collisions should start with the nucleon-nucleon case.
